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Quasiliving Carbocationic Polymerization. X. 
Molecular Weight Averages and Polydispersity 

TIBOR KELEN* 

Institute of Polymer Science 
The University of Akron 
Akron, Ohio 44325 

A B S T R A C T  

In quasiliving polymerizations with reversible chain transfer 
(&LOR systems), polymers with narrow molecular weight 

distribution can be obtained, It has been shown that while in 
true living systems (L 

with irreversible chain transfer (QLO1) R = 2 i s  the limiting 

value of polydispersity, in QL systems r = 4/3 i s  the poly- OR 
dispersity to which the distribution of the polymer tends with 
increasing polymerization time. This limit i s  independent of 
the rate of reinitiation; the course of the R vs t curves is, 
however, determined by the various rate constants. 

) R = 1, and in quasiliving systems 00 
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1340 KELEN 

I N T R O D U C T I O N  

Living polymerizations produce polymers with very narrow molecu- 
lar - -  weight distributions, i.e,, the polydispersity approaches unity (R 
= DPw/DPn l), because termination and chain transfer are absent. 
In quasiliving polymerizations where reversible termination and/or 
reversible chain t ransfer  may occur, the molecular weight distribu- 
tions a re  still quite narrow. As predicted in the classification [ 11, 
polydispersities of 1 < R < 2 a re  expected and, in fact, have been 
found experimentally. 

systems. The initiation can, however, be neglected in dynamic sys- 
tems in which polymerization is sustained by continuous, steady 
monomer addition. In the following, the molecular weight distributions 
in such dynamic systems are analyzed and characterized by the aver- 
age degrees of polymerization. As in Ref. 1, it is assumed that 1) 
initiation is complete prior to monomer addition, and 2) polymeriza- 
tion is irreversible. 

Slow initiation may broaden the distribution even in true living 

M O D E L  AND D I F F E R E N T I A L  E Q U A T I O N S  

Since a differentiation between the absence o r  reversibility of 
termination would unnecessarily complicate derivations, the treatment 
is restricted to a model which includes, besides monomer input, only 
the propagation, chain transfer, and reinitiation steps: 

Monomer input: 

-M 

Propagation: 

M@ +M-R~@ 

R ~ @  + M - R ~ + ~  

Chain transfer: 

(rate = A = constant) 

Ri@ (+ M) -Pi= + M@ 

Ri@ + M -Pi= + M@ 

(Rtr,Ge,i = k t r ,Ge  [ R "  , I )  

(Rtr,M,i = ktr,M [ R @ l [ M l )  i 

(4) 

(5) 
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QUASILIVING CARBOCATIONIC POLYMERIZATION. X 1341 

Re initiation: 

M@ + Pi= -M + Ri@ (R-tr,M,i = k-tr,M [ M@I [Pi=] ) (6) 

where M = monomer, M@ = monomer carbocation, R.@ = growing 
active cation, and Pi- = olef in-terminated (dormant) polymer, both 
of i-length (consisting of i units, i 2 2). As in Ref, 1, the sums of 
the concentrations 

1 - 

give the total amount of these species, The effective active center 
concentration, [ I ]  is given by 0' 

[ I l0  = [Me] + [ R e ]  (8) 

The above set  of reactions can be described by a set  of differential 
equations. For the monomer: 

(see Eq. 12 in Ref. l), where the R rates  a r e  the sums of the indi- 
vidual rates, e.g., 

For the monomer cation: 

(see Eq. 10 in Ref, 1). For the individual [ Riel concentrations we 
obtain: 
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+ R-tr,M, i (13)  

In accordance with Eq. (8), summation of Eqs. (12) and (13) for  all i's 
gives Eq. (11) with the opposite sign. The individual [P i=]  concen- 

trations change according to the following differential equations: 

The sum of these equations is: 

(see Eq. 11 inRef. 1). 
Additional quantities and differential equations a re  needed if we 

want to describe the molecular weight distribution by the number- 
and weight-average degrees of polymerization. If 

00 00 

U = [ M ]  + [ M e ]  + [Ri@] + 1 [Pi=] 
i=2  i=2 

stands for the total number of molecules in the system, 

V = [ M ]  + [ M @ ]  + i[Ri@] + i[Pi=] 
i=2 i=2 

stands for the total number of monomer units (first moment of con- 
cent r at ions), and 

m 00 

W = [ M ] +  [Ma]  + i"[Ri@] + i2 [Pi=]  
i=2 i=2 

stands for the second moment of concentrations, then the averages 
and the polydispersity are,  by definition, as follows: 

__ 
DPn = V/U, DPw = w/v, and R = UW/V2 (19) 
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QUASILIVING CARBOCATIONIC POLYMERIZATION. X 1343 

The differential equations of the above moments can be obtained 
by multiplying Eqs. (12), (13), and (14) by the corresponding i t s  and 
i2's, respectively, and by summing for  a l l  its. The same equations 
can be derived by appropriate definition and use of generating func- 
tions [ 21. 

03 W 

03 

[ M e ]  c i[ Pi=] 
+ k-tr,M i=2 

m 03 

d( 2 i2[R.@]) /d t  = 4Rp' + R  + 2k [MI c i[Ri*] 
i=2 1 p p i=2 

[ M e ]  i ' [Pi=] 
+ k-tr,M i=2 

M 00 

co 

[ M e ]  i[ Pi=] 
- k-tr,M i=2 

M m 

m 

-k -tr,M EM@] 2 i2[Pi=]  
i=2 

Using the above differential equations, we obtain for the derivatives 
of U, V, and W: 

dU ~ [ M J  d[ P=j 

dt dt dt 
- +- 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
2
0
:
3
4
 
2
4
 
J
a
n
u
a
r
y
 
2
0
1
1



1344 

dV 
- _  - A  
dt 

KELEN 

(25) 

dW a 

__ = A  -1 2R ' + 2k [MI 
dt P P i=2 

i[R.@] 
1 

M O L E C U L A R  W E I G H T  A V E R A G E S  A N D  
P O L Y D I S P E R S I T Y  

Solution of the above differential equation system in te rms  of 
simple expressions i s  possible only when ktr,-,e, ktr,M, and k-tr,M 
a re  zero, i.e., for  the Loo system. Obviously, the result i s  the well- 

known Poisson distribution [ 31. 
In case of the QLol systems, i.e., when irreversible transfer 

occurs, the differential equation system can easily be solved for  the 
steady state, The assumption of stationarity of the processes i s  well 
established in such a dynamic system; as will be shown, the abrupt 
changes of quantities like [ M I ,  [ M e ] ,  and [Re] a r e  completed 
within a very short  time. 

The situation is similar a lso when reinitiation of the olefin- 
terminated molecules occurs, i.e., when chain transfer is reversible. 
The solution of the differential equations f o r  such &LOR systems can 

be expressed In closed analytical form but only for  relatively long 
polymerization times, It will be shown that the general solution 
increasingly approximates the "large t" solutions with increasing 
time, 

1, L o o  S y s t e m s  

According to our model, initiation i s  complete at  the beginning of 
the polymerization, i.e., only monomer carbocations are present in 
the system a t  t = 0. Thus [ M e ]  = U = Vo = W = [ 11 * any other 

concentrations are zero. With these initial conditions, introducing the 
short notation 

0 0 07 

E = exp (-k [I] ot) (27) P 

we obtain the following results: 
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QUASILIVING CARBOCATIBNIC POLYMERIZATION. X 1345 

[ MI = A(1 - E)/kp[ I1 (28) 

[Me] = [ I l 0  - [ R @ ]  = [ I I O e x p  (A(1 -E)/kp[I]O] -At/[IIO} 
(29) 

00 

i[Ri@] = [IlO + A t  - [M]  - [M@]  
i=2 

V =  [ I lO + A t  (32) 

W = [ I1 + { 3 - 2A(1 - E)/kp[ I] 02}  At + A2t2 /[ I] 

- ZA(1 - A/k [I] 02)(l - E)/k [I] - A2(1 - E2))jkp2[ I] 09 
P P 

(33) 

Stationarity in these systems will be reached very soon, i.e., when E 
becomes ne 1ig;ble compared to unity (E << 1). For  example if 
k = lo6 M- s- and [I] = M, E < 0.01 within 0.005 s. - 

g 
P _  - 

DP,, DPw, and R can be expressed by U, V, and W using Eqs. (19). 
With increasing time they can be better and better approximated by 
the following expressions: 

The deviation from the well-known R = 1 value for living systems i s  
due to the fact  that in dynamic systems [MI decreases only to a 
steady-state value and not to zero. This value is, however, very 
small; fo r  example, using the above k and [ 11 o, and applying an A = 

lo-’ Ms-’ monomer feeding rate, the limiting value of R is 1.01. 
The time dependence of R is shown in Fig, 1. 
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FIG. 1. Time dependence of polydispersity in a living system 
(Loo) and in a quasiliving system with irreversible transfer (QL 

Curves were calculated by using [ 11 - M, A = l o - '  Ms- ' ,  
k = 10' M-ls-l ,  and, in the QLol case, k = 10-1 s-l and 

ktr,M = 0. Dotted line: calculated by using steady-state assumption 

). 01 
= 

0 
P tr ,G 

(&Lo1 1. 

2 .  Q L o l  S y s t e m s  

To solve the differential equations for  this case, we assume that 
stationarity exists from the beginning of the polymerization, i.e., we 
use the same approximation as in Ref. 1. Thus, already at  t = 0: 

[ MI = A/kp[ I1 0 

[M'J = [I), - [ R e ]  = C [ I l 0  

(37)  

(38) 

where C i s  the overall chain transfer constant (see Eq. 30 in Ref, 1): 
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QUASILIVING CARBOCATIONIC POLYMERIZATION. X 1347 

(39) 

With these initial conditions, introducing the short notation 

E’ = exp [ -(k tr,G@ + ktr, M[ It’ (40) 

we obtain the following results: 

[ P=] = CAt (4  1) 

m 1 - c” 
i=2 C 

i[ Ri] = ~ [110(1 - E’) 

U = [ I ] O + [ M ]  +CAt (43) 

V =  [I lO +[MI  + A t  (44) 
2 2[ IlO(1 - q2 (1 + C) 

W = [ I lO + [ M I  + (1 +-)At - (1 - E’) (45) 
C C2 

The polymerization degree averages can be expressed by U, V, and 
W using Eqs. (19). The time dependence of the polydispersity, calcu- 
lated this way and compared with the results of the numerical inte- 
gration of the differential equation system without using the steady- 
state assumption, i s  shown in Fig. 1. For long times the averages 
and the polydispersity have limiting values: 

DPI1- 1/C (46) 

DPw 1 + 2/C (47) 

R = 2 + C  (48) 

The polydispersity tends, as expected, to the value 2 (the deviation i s  
small, C = l/DPn). 
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1348 KELEN 

3 .  & L O R  S y s t e m s  

We use the same approximations a s  in Ref. 1, i.e., we apply the 
following steady-state values: 

where C1 is  a time-dependent overall chain transfer "constant" (see 
Eq. 20 in Ref. 1): 

As shown in Ref. 1, using these values we obtain for [ P=] the follow- 
ing expression (see Eq. 27 in Ref. 1): 

CAt 

0.5 + 0.25 + C'AAtTy 
[P=]  = 

where 

Y =  ktr,G@ -t ktr,M'M1 (53)  

k-tr,M 

As can be seen, if k-tr,M = 0, y = 00, and C'- C, Eq. (50)- (38), Eq. 
(52) -(41). For long polymerization t imes we obtain the following 
approximations: 

[P"] = n y x  

/v 
[ M e ] =  

2At 

(54) 

(55)  

00 

To solve differential Eq. (20) for i[ Ri@ 1, we may notice that the 
i=2 
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QUASILI VING CARBOCATIONIC POLYMERIZATION, X 1349 

f i rs t  two te rms  on i ts  right-hand side, 2R ’ and R 

compared to the other terms a t  large times. Thus we have: 

can be neglected 
P P’ 

Obviously, for  long times 
m co 

i[Pi=] = At - c i[Ri@] 
i=2 i=2 

and we can substitute Eqs. (55) and (57) in (56): 
m 

(57) 

Since the ever-decreasing [I] , d m  can soon be neglecEd compared 

to y, the solution of Eq. (58)’ using the initial condition ( 1 i[R.@]), 
= 0, i s  a s  follows: 1 1=2 

For  large t’s the above integral can well be approximated by 

and we obtain from Eq. (59): 

i[Ri@] = [I], 4- 
i=2 

For  U, V, and W the following expressions hold for  long polymeriza- 
tion times: 
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1350 -LEN 

u =  JZyAt (62) 

The polymerization degree averages and the polydispersity can be 
calculated by using Eqs. (9): 

DPn= 4- 
4 

DPw3 - d m  
3 

R = 4/3 

1 .> 
R 

1 . I  

1. 

1 .; 

R 

1 .' 

1 

2 5 0  400 
t ( s e c )  

FIG, 2. Time dependence of polydispersity in quasiliving systems 
with reversible transfer (QL ). Curves were calculated with the OR 
same rate constants as QLol (see Fig. 1) and by using k-tr,M = lo4 ,  

lo5, and loG s - ' ,  respectively. 
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QUASILIVING CARBOCATIONIC POLYMERIZATION. X 1351 

Thus the limiting polydispersity is 4/3 in quasiliving systems of the 
type &LOR. This value, like the R= 2 limit in QLol systems, i s  inde- 

pendent of the value of the rate constants, 

calculated by numerical integration of the differential equation system 
without using approximations. As can be seen, with increasing time 
the R's approach the limiting value on different curves, depending on 
the value of the reinitiation rate constant, 

Figure 2 shows the time dependence of R for  various k -tr,M 

A C K N O W L E D G M E N T S  

Numerical integration of the differential equation system has been 
performed by using IBM's S/360 Continuous System Modeling Pro- 
gram [ 41. The author is grateful to D r  H. 3. Harwood for  his help in 

application of the above program. 
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